Proof. If A is principal in fP, then by Lemma 1.1, (Bv A)IB^AI/(BaA) = AI/(B : A)A^I¡(B : A). The theorem follows immediately from this. Q.E.D.
In [1] it was shown that Noether lattices satisfy an abstract "Krull Intersection Theorem." An immediate but useful consequence is stated for ease of reference in the following Lemma 1.3 . If fP is a local lattice and if B, C, and D are elements of fP with D<I, then B^CvBD implies B^C.
Proof. B^CvBD implies fi^CvBDn for all n, so that necessarily B^C.
Q.E.D.
If an element B e fP is the join of principal elements/F,..., AK then the elements Ai will be called a base or basis for B. If this is the case and if no proper subcollection of the Ai also form a basis for B, then the A¡ will be said to be a minimal base for B. As for rings, it is clear that any base can be reduced to a minimal base. Theorem 1.4. Let fP be a local lattice with maximal element P and let A^P be an element of SP. Then 1. the quotient AjAP is finite dimensional and 2. the number of elements in any minimal base for A is equal to the dimension of A/AP.
Proof. Let Ax,..., A, be a minimal base for A. Set S0 = AP and for 1 á/ár, let Si = S,-xvAi. Then PA^PA^St-u and hence S,.x : A^P(l£i£r). Since F is maximal, it follows that either Sf_i : A¡ = P or St^x : A¡ = I and hence that either Si = Si-x V Ai is a cover for S¡.x (Theorem 1.2) or that 5'j = 5'i_1. It is immediate then that AP=S0^Sxfí ■ ■ ■ SSr = A can be reduced to a composition chain from AP to A and hence that the quotient A/AP is finite dimensional with dimension (say) d^r. Since some confusion will naturally result about the multiplication when more than one quotient lattice IF/B is under consideration at the same time, the notation C\B will be used to denote the element C v B of IF/B when it is necessary to distinguish. If an element F of IF is prime (i.e., ABSP implies ASP or BSP), then the height of F, denoted ht F, is defined as the supremum of all integers « for which there exists a prime chain P0<PX< ■ ■ ■ <Pn=P in IF. Lemma 1.8. Let P be a prime element of IF and let A be a principal element with ASP. Then ht F i htP/A i htP-l.
With this notation, if
If A$ P' for every minimal associated prime P'SPofO, then ht P/A = ht F -1.
[March Proof. It was shown in [1] that an element C/A is prime or primary in fP/A if, and only if, the element Cv A is respectively prime or primary in fP. In particular then, the element P = P\A is prime in SP/A. Now, let d=ht P and let P0<PX < • • ■ <Pd = P be a prime chain in fP. Then (by Lemma 6.4 of [1] ), there exists a prime chain P$<P?< ■•-</•"* = /• in ¡P with P0 = P* and ASP*. It is immediate from this that ht PjA^d-1. Since ht P/ASht P is clear, the first statement is proved. Now, if ht P/A = d, then there is a prime sequence P'0 < P[ < ■ ■ ■ < P¡¡ = P in f£\A and therefore also in fP, with ASPÓ-Since P'0 is necessarily a minimal associated prime of 0 in fP, the second statement follows. Q.E.D.
2. Let fP denote a Noether lattice with least element 0 and greatest element /, and let A be an arbitrary element of fP. In this section a lattice analogue of D. Rees' /4-transform of a Noetherian ring R by an ideal A [4] will be introduced. It is this transform, denoted F(fP, A), which will form the basis for the later proof of the existence of Hubert Characteristic Polynomials.
Let SF(A) denote the collection of all formal sums 2f= -«. fi¡of elements of fP such that (2.1) A%Bi^BH1^ABi, for all i, where for/SO, A' = I. It is seen that the collection &(A) forms a complete, modular, lattice under the relation S with resulting join and meet given by (2.3) and (2.4) , and that (2.5) defines a commutative, associative multiplication on !F(A) which distributes over the join operation (2.3) . The resulting lattice, together with the multiplication (2.5) will be denoted by the symbol F(fP, A) and will be called the A-transform offP, It is clear then from the defining relations that F(fP, A) has greatest element /* = 2 A\ The element /* is also a multiplicative identity, since by (2.1) and (2.5) it is seen that if B is any element of 3$(fP, A), then the z'th coordinate of BI* is Vr+s=i Fr/*= Vr+s-¡ BrAs = Bx. These comments are summarized in the following Lemma 2.1. F(f£, A) is a complete, modular, multiplicative lattice. Definition 2.2. Let C be an element of fP with CSAr. Then C<r) is the least element D of F(fP, A) such that C¿ Dr. The notation C^ will also be used when it is necessary to indicate that C(r) is to be computed in F(fP, A).
The following lemmas will be useful in computations. The following theorem will be instrumental in establishing that 3#(IF, A) satisfies the ascending chain condition. It is natural to define the altitude of a Noether lattice IF to be the supremum of the heights of the prime elements P of IF (P< I). As for rings, the altitude of if will be denoted by alt IF.
The altitude of S#(IF, A) will be determined presently in terms of the altitude of IF and certain properties of A. However, before doing this, it is convenient first to investigate some of the basic properties of 3&(IF, A).
If F is any element of IF, then it is clear that for every /', A'iB A A'iB A Ai + l í(A(BaA% so that 2(FA/4i) is an element of ® (IF, A) . This element will be denoted by B*. ■(CaAs)SBCaA"+s, and it follows from this that B*C*S(BC)*. Hence, in particular, (P*)nS(Pn)* and therefore (P*)nS(Pn)*S Q*SP*, so that [1] P* is prime and Q* is /""-primary. Q.E.D. Proof. This is immediate from Lemma 2.12. Q.E.D.
Lemma 2.14. Let P be a prime element of @(IF, A) with 1f<~l>$ P. Then P = (P0)*.
Proof. Assume I(-1,$P.
Choose s so that P0aAs + 1 = (P0aAs)Aí for all HO (Corollary 2.9). Then (/,0)*/<-s) = />?(/<-1))s¿F (Corollary 2.5), so (P0)*SP. Now, if HO, then PiSP0AAl; and if /<0, then (PiY0)IM = (Pi)m(I(-1))-iSP, so that PiSPo-It follows therefore that also PSPf and hence that P=(P0)*. Q.E.D. Proof. It is easily seen that if an element M of ¿%(fP, A) is maximal, then the conditions A/äF_1) and M0^A are equivalent. Note that if B e &t(fP, A), then B0 = I if, and only if, B = I*. Now, assume that F is maximal in fP and that P% A. Then (F* V/(-1))o = Fv A = I, so that if P*ST<I*, then also F""^F.
Furthermore, if P*ST<I*, then P=(P*)0 = T0, so that, if Fis maximal, then (Lemma 2.14) T=(F0)* = F*. Assume now that P^A. Then (F*v/<-1))0 = F, so F*vF-1)</*, and (F* v F " "), = /f¡ for all /# 0, so that F* V /< "l) is clearly maximal in F(fP, A) .
Assume now that M is maximal in .^ ( Now, if m(P) = P*, then it follows from Lemma 2.14 that any prime chain for m(P) is the image under the map B -»■ B* of a prime chain of the same length for F in if, and hence that htw(F)ShtF.
It can be assumed therefore that m(P)^P*, so that (Lemmas 2.14 and 2.15) I(1)Sm(P) and P^A. Now, let Ax,-■ -,AS be principal elements of if with A = Ax v • • • M As. The inequality ht m(P)ShtP+ 1 will now be established by induction on s. Hence assume s= 1, and let F(0)<F(1) < < P(d+i) = m(P) be a prime chain in.&t(£P, A) with(/=ht Pandd+i = ht m(P).
If AmSP(0), then by Theorem 2.7 above and Lemma 6.4 in [1] , it can be assumed that P-vSP(l) (be rechoosing F(l) if necessary). Then F(l)0< • • • <P(d+i)0 = P is a prime chain in fP; so, in this case, d+i-l Sd. If, on the other hand, Aw$P (0) it can be assumed that AwSP(l). Now, if also F-^SFO) then F(0)0<F(1)0< • • • < P(d+ ;')0 =F is a prime chain in =Sf, in contradiction to the assumption that ht F=d. Hence, P~^%P(l), so d+i^2; and it can be assumed that /(_1)<P(2). Then F(0)o<F(2)o< ■ ■ • <F(a'+i)o = Fis a prime chain in fP, so again d+i-lSd.
Therefore, if j=l, then ht m(P)S ht F+l. Assume now that s>l. If A,vSP(0), for all/ then, as before (by rechoosing F( 1 ) if necessary), it can be assumed that I( ~1} S P( 1 ), so that F(0)o<F(2)o< ■ • • <P(d+i)0 = P in fP; and therefore d+i-lSd. Assume, therefore, that A^i^PifS). Then, as above, it can also be assumed that /iil)SF(l); and by continuing, it can be assumed that A(^SP(h), for all/and that for iSjSh, A^SP(j) and A^^P(j-1). Also, it can be assumed that p-"£P(r), /<-" %P(r-\), and that \SrSh+\. Now, set B=\/,^xAj. Then the elements P'¡ = I(P(J)i AF') of &(&, B) are prime (y'=0,..., d+i). To see this, assume C and D are elements of IF with CgFr, DSBS and Cg'>flí?»(C£>)g+,>íP;. Then CDS(P'i)r+s = P(J)r + s^BT + s, so (CF)(; + s) = CÏ)F<j,aFO') and therefore either C^SPWor DfSP(j)-Assume C^SP(j)-Then C<P(J), and therefore CSP(j)r ABr = (P'j)r, so C^SP'j-By Lemma 2.10 it now follows that /»,' is prime. Further, F¿ + 1 is the maximal element m(P) determined in Si(IF, B) by F. It will now be shown that also P'0<P'X< ■ ■ <P'd + x. Since either Ff/Oè/«-" and P(0)^I (1) or else F(l) and P (0) 3. Hereafter IF will denote a local Noether lattice with maximal element P. In this section it will be shown that if Q is an element of IF which is Fprimary, then there exists a polynomial D*(Q, x) such that for all « sufficiently large, D*(Q, n) is the lattice dimension of the quotient ¡¡Qn. Also, it will be shown that, if A is any element of IF, then there exists a polynomial B*(A, x) such that for all sufficiently large «, B*(A, n) is the number of elements in a minimal base for An. Proof. Let F be the family of all elements B e 0t(fP, A) for which Mx/Bx is finite dimensional and for which there exists no polynomial with the desired properties. If ^"# 0, then & has a maximal element C, since i%(£f, A) is Noetherian. Clearly, Cx < Mx, so there exists a principal element EefP with C<C V EWS M. Then by the choice of C and E, Cv Ea) $ & and there exists a polynomial p'(x) for C\J Ea\ Set D = C:EW so that (Lemma 2.6) Dn = (Cn + x : E)AAn, for all n. Then D^C, and Proof. This is immediate from Corollary 3.4. Q.E.D.
Let 8p(x) denote the degree of a polynomial p(x). It will presently be shown that if IF has altitude d, then for every choice of the P-primary element Q, cB*(Q, X) = 8F*(Q, X) = d-l and 8D*(Q, X) = d. Of course, the equality 8D*(Q, X) = 8F*(Q, X)+ 1 is clear, since for all sufficiently large «, D*(Q, n+l)-D*(Q, «) = F*(Q, «). And since PKSQSP for some K, it is immediate that 8D*(Q, X) = 8D*(P, X) and hence also that dF*(Q, X) = 8F*(P, X). These remarks establish part of the following Lemma 3.6 . If Q is a P-primary element, then 8B*(Q, X) = 8B*(P, X) = 8F*(Q, X) = 8F*(P, X) = 8D*(Q, X)-l = 8D*(P, X)-l.
Proof. Since B*(P, X) = F*(P, X), it is necessary only to show that 8B*(Q, X) = 8F*(Q, X). Choose K so that PKS Q and let h = B(P, I). Then
Since also B(Q, n)SF(Q, n), it follows that 8B*(Q, X)S8F*(Q, X)S8B*(Q, X). Q.E.D. Hence the degree function on a regular local lattice is a valuation. It is noted that, as for local rings, if if is regular of altitude 1, then Theorem 2.7 can be strengthened to say that every element A+0 is a power Fn of the maximal element (I=P°). For in this case, F is principal, so if n is the largest i such that ASP\ then A = A A Pn = (A : Pn)Pn, so that if Pn=£A, then A S PPn=Fn + 1. Hence if if is a regular local lattice of altitude 1, then fP is isomorphic to the lattice of ideals of a regular local ring, and if* = if-{0} is a Gaussian semigroup. This second property also holds in the semigroup of principal elements of a regular local lattice of altitude 2, as is easily seen.
